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ABSTRACT
99

The near-resonant motion of the Aerobee 150A, a four-finned
sounding rocket vehicle with liquid-propellant sustaincer and solid-propellant
booster, is investigated. Pitch-roll coupling and roll lock-in are shown to
be greatly influenced by induced rolling moments resulting from both acro-
dynamic sources and lateral configurational asymmetry. The near-resonant
motion is further complicated by the presence of an aerodynamic side moment,
which can be considered as a Magnus-type moment dependent upon the aero-

dynamic roll angle.

The various mechanisms which can produce roll lock-in or extended
resonance are discussed, and the probable cffect of these motions on the roll
rate and angle of attack are described. It is shown that both the orientation
and magnitude of the various asymmetries are important in determining the

possibility of lock-in or extended resonance.

In most instances the near-resonant motion can be simulated by the
linear solution fur the trim angle of attack vectar, in conjunction with an
exact analysis of the rolling moments. Using 7r)//w as a dependent variable,
the trim angle of attack and roll equations can be combined into a single first-
order non-linear differential equation with time-varying coefficients. The
solution to this equation has been obtained numerically using only a desk-type

calculator, and some typical results are presented.

The effects of aerodynamic and inertial non-linearities on the pitch-
yaw-roll motion are studied by use of a special circular motion theory. It

is shown that when the amplification factor derived from the linear equations

-iii-
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of motion becomes infinite, a condition which ~an result from a positive side
moment, thcre correspond steady-state circular motion solutions at angles of
attack on the order of 20 degrees. A lateral displacement of the center of
gravity and center of pressure of about 0.1 inch will provide roll equilibrium

during a large angle of attack steady-state circular motion.
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NOMENCLATURE

thrust lateral misalignment
drag cocfficient
rolling moment coefficient due to fin cant
C /. ool . . .
) z/a IR roll damping derivative
aerodynamic induced rolling moment coefficient
rolling moment coefficient duc to lateral asymmetry
rolling moment coefficient due to thrust asymmetry

yawing moment coefficient for planc normal to angle
of attack plane

body-fixed yawing moment duc to asymmetry
fixed-plane non-spin-dependent yawing moment at oL =772
fixed-planc Magnus moment at o = 7wy

fixed-plane circular motion damping derivative

normal force coefficient

normal force derivative

pitching moment coefficient (angle of attack planc)
body-fixed pitching moment coefficient duc to asymmetry
fixed-plane pitching moment coefficient at L= e

aeroballistic pitching moment derivative
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Cm%' = o Cm/a —;Lf/(— , fixed-plane pitch damping derivative
CM% = 3 Cm/a _%‘i » pitch damping derivative, linear theory
CSMO( = side moment coefficient
Co = side force coefficient for plane normal to angle of
¢ attack plane
Cﬁg ;G = body-fixed lateral force coefficients due to asymmetry
ol = body diameter
H = damping parameter (see Appendix C)
< = V-1
I = transverse moment of inertia
I, = axial moment of inertia
r’ = I //0 s’
Ix/ = I, /[050( !
K, = magnitude of trim vector
i = aerodynamic reference length (1.25 feet, full scale).
m = vehicle mass
M = aerodynamic overturning moment parameter
(see Appendix C)
M, = aerodynamic side moment parameter (see Appendix C)
= axial spin or roll rate
rr = theoretical roll rate
P = (791?/\/) (Ix/I)

dynamic pressure

1}
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% = angular velocity with respect to 4 /fixed-plane axis
S = angular velocity with respect to 1’ fixed-plane axis
& = dimensionless distance

S = acrodynamic reference area (l.23 square fect, full scalce)
R = time

T = Magnus moment parameter (see Appendix C)

"4 = total velocity

v = lateral velocity in direction of body-fixed 4 axis
w = lateral velocity in direction of body-fixed 4 axis
Fo g F = body-fixed axes

X, 4 )} = fixed-plane axes

X, 2 = inertial reference axes

= lateral displacement of center of gravity and
center of pressure

o = total angle of attack

o * = angle of attack at which C,gl; reverses sign
yes = angle of sideslip

S = angle between trim vector and Lp(_P

s = fin cant angle

€ = thrust misalignment

4 = __ij_\;;y_/; » complex angle of attack

n = angular orientation of thrust misalignment
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= Euler angle defining fixed-plane axes

= Euler angle defining fixed-plane axes

= roll orientation angle for body-fixed trim
acrodynamic roll angle

= air density

NV ™D e 0O
H

= undamped linear pitch natural frequency

subscripts

% = steady-state

supcerscripts

denotes differentiation with respect to time

A denotes non-dimensional angular velocity
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I. INTRODUCTION

A continuing problem in the design of unguided canted-fin sounding-
rocket vehicles is the avoidance of undesirable motions as the result of
the vehicle approaching or passing through pitch-roll resonance. The
problem is made more severc by the fact that the pitch and roll frequencies
usually become coincident during a portion of the flight where the aerody -

namic forces and moments can be large.

Sounding Rocket Motion At and Near Resonance

[he angle of attack motion of a sounding rockect at resonance is

virtually independent of the disturbances at launch and low altitudes, and

can be represcnted in most cases by a linear solution for the magnitude of

the trim anglc of attack. 1t is also a matter of record that the spin rate of

a canted fin sounding rocket approaches equilibrium at altitudes below the
altitude rangc where resonance is likely to occur. Thus, the symmetric
rocket has a spin history through resonance which depends only upon time -
wisc variations in the roll-driving and roll-damping moments, and aerodynamic

lag uffcctl

The slightly unsymmectrical rocket experiences a wide variety of
resonance phenomena depending upon the type of asymmetry prescnt, and
its magnitude and orientation. These asymmetries manifest themselves in
two ways; first through initiating a trim angle of attack, and secondly by

introducing non-linear aerodynamic effects and couplings.
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The amplification of the trim angle of attack at resonance, irres-
pective of changes in the rolling motion, has received considerable attention,
Whitlock, Reference 2, has compared steady-state and six-degrecs-of-
frecdom analyscs of pitch-roll resonance for a long slender sounding rocket
for the case of unperturbed steady-state roll.  For this case, it is shown

that the stcady-state lincar theory reasonably predicts the resonant motion.

Effecct of Acrodynamic Induced Rolling Moment

The motion of a rolling finned rocket in trimmed flight becomes more
complicated when rolling, pitching, and yawing moments dependent upon angle
of attack and roll oricntation are introduced. The cxistence and effects of such
moments were first described by Nicolaides3. Such moments have a periodic
variation with the aerodynamic roll angle, @ , defined as the angle between
the angle of attack plane and a fixed plane on the rocket, such as one containing
a fin. A rotationally symmetric rocket with 7 similar fins has a symmetry
angle of . 7, and thercfore the moments can usually be expressed as a

Fourier sine series

oo
> ainnm AP
K=
With the introduction of aerodynamic induced roll moment, the com-
plexity of the resonant motion greatly increases. We must now consider the
orientation of the trim angle of attack as well as its magnitude. Strong inter-
a:tions cxist between the rolling motion and the near-circular angle-of-attack
motion associated with trimmed flight. As a consequence, the phenomenon
described by Nicolaides as lock-in is likely to occur when the angle of attack

plane is slowly rotating through a region of negative induced rolling moment.
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These regions cannot be avoided, since the phase shift in the angle-of-attack
plane between 7’ and Joe e is greater than the symmetry angle if the

rocket has three or more fins.

Roll Lock-In

A discussion of lock-in is hampered by the lack of a general definition.
The original analyses of Nicolaides3 and also Murphy4 consider the case of

pure circular motion, where the roll rate and nutation rate are coincident. In

this case, a stable variation of induced rolling moment (w' \ 39:)> o at
P 3
i O‘K_m) results in a lock-in between the roll and nutation motions and a pure
e

lunar motion.

In the case of the sounding rocket, the nutation vector is absent and the
circular motion rate of the rocket in trimmed flight is just the spin rate. The
angular orientation of the angle of attack plane is given by the phase angle for
the angle of attack vector. In the absence of induced rolling moments, the phase
angle will vary as illustrated in Figure 1, with an approximate 90-degree shift

occurring at resonance,

For the sounding rocket, two interpretations of lock-in are possible.

On the one hand, we can say that lock-in corresponds to lunar motion. This
can be made a precise definition by requiring that the aerodynamic roll angle,
¢ . at some point approach a constant value in a stable manner. Note that

resonance conditions are not required by this definition.

A second and less precise lock-in definition implies that the roll and
pitch natural frequencies will be approximately equal for some period of time.

The distinction between the pitch natural frequency, used here, and the nutation

So described because the same side of the vehicle always faces the
velocity vector.
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frequency used in the original Nicolaides definition is important. The basis
for the second lock-in definition for sounding rocket vehicles is the obser-
vation that for rcsonant . onditions a negative induced rolling moment can
extend the resonant period in such a manner that the spin rate and pitch
natural frcquency are approximately equal or appear to be locked-in. This
type of lock-in can be better described as extended resonance.  This apparent
lock-in results from the shape of the curve of the phasc angle versus the
spin-to-natural-frequency ratio, and can be explainced by the fact that if the
phase angle is maintained near 90 degrees, the ratio ,r‘»‘,v"w will remain near
unity. [his occurrence is likely when the rocket encounters a large negative
gradicnt in the variation of the total rolling moment with acrodynamic roll
angle at or near resonance. It is important to note that while extended
resonance results in a slowly changing aerodynamic roll angle, it does not

imply a .onstant acrodynamic roll angle as in the first definition.

Neither lock-in definition indicates the gross effect to the roll or
angle of attak motion. This must be determined for each individual case.
But more important, extended lock-in may either increase or decrease the
angle of attack and aerodynamic loads which would have been encountered
without lock-in. In addition, lock-in may significantly reduce the spin rate

at very high altitudes, cven though the angle of attack motion is acceptable.

Other Factors Affecting Lock-In

The problems of lock-in and cxtended resonance are made even less
tractable by changing air density and velocity, and variations in the acrody-

namic «oefficients with Mach number during the resonant period.

The greatcst complication to the determination of sounding rocket

lock-in behavior arises from thc cxistence of two or more periodic rolling
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moments, which nced not be in phase. Such a complication immediately
arises when therc is a lateral offset between the center of gravity and
center of pressurc. This asymmectry induces an angle-of-attack dependent
rolling moment with a roll period of 27, and a phase angle dependent
upon the angular orientation of the asymmetry. With the presence of both
the aerodynamic induced rolling moment and the rolling moment due to

lateral asymmetry, lock-in can occur at any aerodynamic roll angle.

The phase relationship between the acrodynamic induced roll and
the roll due to lateral asymmetry is extremely important. First, the phasc
relationship can affect the magnitude of the rolling moments at lock-in, thus
cither prolonging or shortening the period of lock-in. Sccond, depending
upon the aerodynamic roll angle at lock-in, the acrodynamic side mnmcnt*
can be cither positive or negative. This is extremely significant. The side
moment modifies the aerodynamic damping, which in turn determines the
magnitude of the trim amplification factor. At resonance the magnitude of
the amplification factor is limited only by thc amount of aerodynamic damping;
hence, it is possible for the trim to increase catastrophically if the side
moment is positive and decreases the aerodynamic damping to near zero.
On the other hand, lock-in in a region of negative side moment may decrease

the trim angle of attack.

Scope of Present Investigation

The present roll lock-in investigation has been ac omplished for the
purpose of obtaining a better overall understanding of the near resonance

motion of sounding rocket vehicles, and the Aerobee 150A in particular. This

*
The side moment is the non-spin-dependent Magnus moment resulting
from acrodynamic roll and angle of attack.

-5-
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has been achieved by both a qualitative review of the roll lock-in problem,

and by development of simplified equations of motion.

Although the prescent effort 1s preceeded by analyses of the Acrobee 150,
Acrobee 150A, and Acrobee 350, References 5 through 7, the foregoing have
lacked generality in that References 5, 6, and 9 do not consider the rolling
moment duc to lateral center of gravity - center of pressure asymmetry, and
References 7 and 8 do not include the cffect of the aerodynamic side moment.

yoth of these factors have a pronounced effect on the resonant motion.

The basic approach used herein is to combine the linear solution for
the trim angle of attack with the exact non-linear roll equation. Such an
approach permits the various possibilities for lock-in and extended resonance

to be examinced both qualitatively and quantitatively.

Finally, large angle of attack resonant motions are cxamined by usec
of a spccial ircular motion theory, which is capable of including non-linear

pitch-yaw dynamics.
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II. VEHICLE CHARACTERISTICS

The Aerobee 150A

The Aerobee 150A is a four-finned two-stage unguided sounding
rocket vehicle currently being launched by the National Acronautics and
Space Administration. The sustainer is an Acrobee 4, 100-pound sea-level
liquid-propellant thrust engine, and the booster is an Acrojet 2.5 KS - 18,000
type solid propellant rocket with 18, 600-pound sea-level thrust. The booster
rocket is drag separated from the sustainer section 2.5 seconds after launch.
The Acrobee 150A configuration with separated booster is depicted in Figure
2. The physical characteristics of the vehicle, and nominal trajectory data

are described in Appendix A.

Based on wind tunnel values for C/gé and C¢ e and a fin-cant angle of
0.21 degrees, nominal ;pin resonance occurs at approximately 7 = 37.0
seconds, Mach number 3.5, 62,000 feet altitude, and with the roll and pitch

rate equal to 5. 95 radians per second.

Aerodynamics of the Aerobee 150A

Basic aerodynamic data for the Acrobee 150A, as obtained from wind
1
tunnel tests 0. are presented in Appendix B. The normal force coefficient,
stability margin, and pitch damping data are typical for sounding rocket

vehicles.

The aerodynamic data most significant to the roll lock-in problem are

the induced rolling moment and induced side moment. Figure 3 shows a com-
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parison of the induced rolling moment coefficient versus angle of attack for
several sounding rocket vehicles. These data are for aerodynamic roll angles
of 30 and 22. 5 degrecs, corresponding to three- and four-finned rockets,
respectively. The acrodynamic roll angle used throughout this report is
defined in the sketch on page 39. For the comparison of induced rolling
moments, it can be scen that the Acrobee 150A has the lowest angle of attack
for induced rolling moment sign reversal, approximately 8 degrees total angle
of attack. Because of the importance of the angle of attack for rolling moment
sign reversal, this angle is designated o< *  Below the (ross-over angle of
attack, all of the configurations cxhibit negative induced rolling moment

coefficients for the acrodynamic roll angles shown.

The trends of two different theoretical predictions for the induced
rolling moment are shown in Figure 3 for comparison. These data have
not been corrected to the Aerobee 150A configuration, but are nevertheless
representative. The theoretical approach of Reference 11, which considers
the effect of the body vortices as well as the potential flow, predicts a positive
induced rolling moment which increases with angle of attack in a cubic manner,
The induced rolling moments computed in Reference 11, which are for triangular
planform fins, do not show the negative rolling moment at small angles of attack.
In Ruference 12, a theoretical prediction of the induced roll is made for rect-
angular planform fins, assuming that the Mach cone from one of the tips does
not intersect the surface of the other two normal fins. This analysis, which
does not consider the effects of separation or body-vortices, shows that

negative induced rolling moments exist at small angles of attack,

Side force data for the Acrobee 150A and another four-finned sounding
rocket are presented in Figure 4. It will be noted that the side force does not

exhibit a sign reversal with increasing angle of attack. However, the venter
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of pressure of the side force falls well forward of the fins at some¢ Mach
numbers and angles of attack, such that the side moment can in some
instances reverse sign with changing angle of attack. The variations in the
side moment, although not well understood, appear to lead to sign reversal
points which are completely independent of those for the induced rolling
moment. In the region of resonance, the side moment for ¢ =22.5 degrees

is negative at all angles of attack greater than about 2.5 degrees.

In order that the relationships between the pitching moment, side
moment, and rolling moment be clearly seen, the variation of cach of these
moment coefficients with angle of attack is plotted in Figure 5 for an aero-
dynamic roll angle of 22. 5 degrees. The Mach number and center of gravity

are represcntative of resonance conditions.
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I1I. GENERAL DISCUSSION OF THE ROLL LOCK-IN PROBLEM

Initiation of Roll Lock-In

In practically all cases, roll lock-in is initiated with a build-up of
induced rolling moments (either from aerodynamic effects or lateral
asymmetry) in a sense opposite to the direction of spin. Thus, for a
rocket with fins canted for positive roll, the induced rolling moments pre-
ceeding lock-in are usually negative. In the discussion which follows, we
will consider only the case where the rocket fins are canted for positive

roll.

The basic mechanism for initiation of roll lock-in can be seen by
considering the trim angle of attack and its orientation, since prior to
resonance the launching transients have damped out. The orientation of
the trim angle of attack is determined by the orientation of the vehicle
asymmetrics and by a phase shift which is dependent upon the ratio of the
roll and pit . h frequencies, '"/t“/u, (see Figure 1). With increasing r and
decreasing -« the corresponding phase shift causes the acrodynamic roll
angle, £ , toincrease, positively, throughout the flight. Thus, the only
mechanism which can causec Q' to remain constant, i.e. lockcd-in, is a
reduction in the spin rate, which in turn requires a negative rolling moment.
The negative rolling moment must be provided by the induced rolling moments,

gincce at the initiation of lock-in C,[S $§ = C’gp —ETJ;—

-10-
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Roll Louck-In With Aerodynamic Induced Rolling Moment

The initiation of lock-in, when only the aerodynamic induced rolling
moment is present, van be seen more clearly by examining a plot of the
indu.ed rolling moment versus the aerodynamic roll angle, Figure 6. The
curve shown is for a specific angle of attack, which is less than o< ¥ Super -
imposcd is the orientation of the trim angle of attack for an arbitrary asymmetry.
Also depicted is the phase shift in the trim angle of attack for increasing values
of JEAPTEE Thesce data were computed from the linearized motion theory des-

cribed in Appendix C.

Fur the present example, two possibilities ¢xist for lock-in with
oo L . Fu.urst, lock-in may occur at some J <« 45 degrees. As can
be scen, , . van increase to the order of 0. 85 with only a small change in
Jf . Scoond, lock-in may occur at a J slightly greatcr than 90 degrecs,
where s . is approximately unity. Obviously, the latter cannot occur as

lony as the vehicle has a lock-in in the first region.

Whether or not roll lock-in occurs depends upon the magnitude of the
non-rolling trim, the variation of the aerodynamic induced rolling moment
with angle of attack, and the trim amplification. The latter, of course,

depends greatly upon the aerodynamic damping as ;- o approaches unity.

In most instances a vehicle will break out of the first lock-in region,
because the trimn angle of attack will increase beyond -x ™, and the sign of
the induced rolling moment will reverse. However, for small asymmetrics
a vehicle can stay locked-in at é < 45 degrees for a significant period of

time. Such a case is described in a subsequent section of this report.

It is important to note from the preceeding example that the exact

behavior of the aerodynamic roll angle, ¢ , cannot be readily determined.

-11-
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Although qualitatively it is casy to see that J@' may be at least slowly .hanging
in a region f negative induced roll, it is not clear that x{' can be held constant,
or # maintained near zero, Thus, a precisc determination of lock-in requires

solution of the cquations uf motion,

Unfortunatcly, it is not possible to develop a simplified equation of
motion to describe the behavior of the aerodynamic roll angle; hence other
methods must be selected for determining the exact nature of the motion under

near-resonant - onditions.

Although the initiation of lock-in is difficult to describe in simple
analytic terms, the . onditions under which the induced rolling moment van

no longer sustain a lock-in condition can be approximated.

For o< < -~ the maximum aerodynaimic induced rolling moment is
known, and we can assume that it occurs at (tf =22.54+ n (730}, where
y =, 1, 2, etc. Hence, the worst condition would be where the initial

trim is such that the lock-in angle, @ , corresponds to f =22.5+ 70 (90).

Break-out will begin when the spin rate satisfies the inequality

At angles of attak greater than o< *the induced rolling moment
increases steadily with angle of attack for all values of the angle of attack
which are of intcrest. Thus, the maximum aerodynamic induced rolling
moment can be specified only if the angle of attack history is known. The
trim angle of attack history can be determined from a linear solution of the
equations of motion (see Appendix C), providing #/¢ is known or assumed.
One logical choice is to assume g/ = 1, a condition near which lock-in will

usually occur.

-12-
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The break-out requirement now becomes approximately

. . > .y %
s eig 28] [, (e o)l
| 7 o<t g, 3| :

The above inequality can be evaluated as a function of time to determine the

conditions under which break-out can be assured.

The above approach is the basis for the roll lock-in analyses described
in References 7 and 8. The usefulness of the break-out criterion hinges on the
assumption of r "o = 1 and the simplification of the roll dynamics to equilib-

rium conditions. A5 will be shown subsequently, thes¢ assumptions can lead

to considerable cerror.

Roll Lock-In With Aerodynamic Induced Rolling Moment and Rolling Moment

Duc to Lateral Asymmetry

The analytic form of the rolling moment due to lateral displacement
of the center of gravity and acrodynamic center of pressure is described in
Appendix D, The relationship between the acrodynamic induced rolling moment
and the rolling moment due to lateral asymmetry is depicted in Figure 7. The
rolling moment due to lateral asymmetry is depicted for several orientations
of the center of pressure with respect to the longitudinal principal axis. For
ecase of visualization, these are illustrated as offset centers of gravity.
Significantly, the sum of the two induced rolling moments is maximum
for only one orientation of the lateral asymmetry, For example, with <~ > oc ¥ |
the maximum negative induced rolling moment occurs with the center-of-gravity

locatiun designated number four. This condition, as can be scen from the dia-

gram, corresponds to a non-rolling trim located at f = 247.5 degrees.

-13-
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The lateral asymmetry can also be oriented such that the aerodynamic
induced rolling moment and the rolling moment due to lateral asymmetry are
opposed at resona.mtc. More generally, the regions where the combined rolling
moments are negative can correspond to any @ , providing that suitable orien-

tations of the lateral asymmetry are specified.

To determine the actual magnitude of the two induced rolling moments,
the angle of attack must be considered, since both induced rolling moments are
angle-of-attack dependcent. For a specific configuration, the sum of the two
induced rolling moments changes rapidly through the resonan« ¢ region, because
there are changes in both the magnitude of the angle of attack and its orientation.
This effect is best illustrated by numerical examples. Figure 8 shows the vari-
ation of £ v ) with ¢ ‘. for four lateral asymmetry orientativns, a center
of gravity - (;ent(ﬂ-:r of pressure displacement of ). 25 inches, and a non-rolling
trim angle of attack of V. 14 degrees. In each of these cxamples, the non-rolling
trim lies in the plane of the lateral asymmetry (as indicated in the sketch accom-
panying the figure), and the rolling moment due to lateral asymmetry has a maxi-
mum positive value at resonance. These numerical examples show that near
resonance, the total rolling moment can be positive irrespective of the aerody-
namic indu.ed rolling moment, if the rolling moment due to lateral asymmetry

has a positive maximum at resonance.

Effect of the Side Moment

~
The side-moment coefficient ~354~.,. has a pronounced effect on the

non-rolling trim amplification for near-resonant conditions. The relation-

ship betwcen the trim amplification factor and the side moment coefficient

can be seen from the development of the linear theory for the trim angle
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of attack, Appendix C. Inspection of equation (C-11) shows that the trim

amplification becomes infinite at resonance when

Ix
M- N T M, (1)
s =N
—_ ‘fv" D
V-M
where
A2 Cj M
— g —— e
~ C
i Ma

is the ratio of the side-moment coefficient to pitching moment coefficient.
The values of * M //(Mr;x. which satisfy equation (1) for the Aerobee 150A

i

are presented in Figure 9 as a function of time. At the nominal resonance

/

timme, 37.0 seconds, the ratio ('”‘"a /,'*"‘v‘fu has a value of only 0. 117, and

at later times in the flight the values of this ratio are even less,
Since the amplification factor is infinite for negative values of
Coar, har o itis clear that (’j,.~7d leads to catastrophic yaw when (_';,4*

is positive,

Because the side moment coefficient, C_-«7x , is periodic with roll
orientation, <atastrophic yaw can occur only for certain values of the roll
orientation angle. Figure 10 shows, qualitatively, the variation of C:)Mo(
with Jf at Mach number 3.5, Thus, catastrophic yaw requires that the
acrodynamic roll anglc at lock-in fall in the regions 45 < # < 90,

135 <« f - 180, 225 « J < 270, or 315 - p < 360 degrecs.

To determine the angle of attack at which -atastrophic yaw might
commence, it is nccessary to consider the non-linear variation of ¢, with
angle of attack, from which the secant slope (and hence - w1, ) is derived.
If we select a lock-in angle corresponding to one of the Lf 's where the side

moment has a positive maximum, then a «ritical anglc of attack can be defined
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as 'he angle of attack where the sccant slope of Ty satisfies cquation (1).
At ¢ - 37 sceonds the critical value of the secant slope is 2. 51, and the
(orresponding critical angle of attack is 5.5 degrees.  This can be inter-
preted as meaning that <atastrophic yaw will have commenced at some

angle of attack less than 5.5 degrees.

Because the side moment cffect can so casily lead to catastrophic
yaw -unditions, it is important to see which asymmetries and non-rolling
trim srientations result in the lock-in angles where the side moment is
positive. These boundaries can be established in an approximate manncer
by ~onsidering only those lock-in conditions which result from latcral

asymmetry rolling moments.

The critical non-rolling trim orientations for cach lateral asymmetry
arc depicted in Figure 11, It is easily seen that the probability of catastrophic

yaw for a vehicle with random asymmetries is something less than 25 per cent.
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IV. QUASI-STEADY ANALYSIS OF THE NEAR-RESONANT MOTION
OF SOUNDING ROCKET VEHICLES

Development of a First-Order Differcential Fquation for Near-Resonant Motion

In the precceding sections, a qualitative analysis of the roll lock-in
regions was achiceved by considering the orientations and magnitudes of the
contributing acrodynamic cocfficients and asymmetries. Howcever, it is
desiitable to have an analytic method for description uf near-resonant motions
whitch may oxhibit lock-in  haracteristics. Prefcrably, such a mcthod should
be less complex than the solution of the six-degrees-of-freedom cquations, and

should also provide insight as to why the lock-in has occurred.

Because the near-resonant motion of a sounding rocket involves
primarily pitch-roll coupling between the trim angle of attack and the induced
rolling moments, it seems appropriate to consider a motion solution involving
only these factors,  The magnitude and orientation of the trim can be obtained
from the usual lincarized equation of motion, while the induced rolling moments
can be expressced in terms of the angle of attack and its oricntation with respect

to the vehicle fin planes and asymmetries.

[o accomplish this marriage, it is nccessary to find a dependent
variable which is common to both the angle of attack dynamics and the roll

dynamics. >Such a variable is the ratio, , /. , where < is the undamped

natural pitch frequency.

The equations relating -2, .0 to the magnitude and >rientation of the
trim angle of attack are derived in Appendix C, while Appendix D contains

the cquations relating the angle of attack to the rolling moment due to latceral
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asymmectry. Finally, the derivation of a first-order non-linear differential
equation for » . is presented in Appendix E.  This derivation is accom-

plished by appropriate modification of the roll differential equation.

For convenience, the 7(9/‘1) differential equation is re-presented below.

,

K /""’/j |
‘. S [ — £’{/ -

SN
N
™
p
S

o Friw
T/

(2)

where

(NS
i -
F 2
PR ,
' Loy, QKPJJ”AZ)
Tk
¢ | e
14 L J/),,AJ ]
- AN AN
1 . JJ/7 i PN

The angle of attack parameters A5 //(’"’3)}):0 and .17 are given in terms of

’ ///M_.: by cquations (C-11) and (C-12). The g .o terms in equation {2) con-
tain time-varying coefficients which can be evaluated independently of the
solution for y « . This greatly simplifies the numerical solution of
equation (2). It will be noted that all of the coefficients on the left-hand side

of (2) can be determined directly from a nominal spin history, s, versus

time, and the variation of the pitch natural frequency with time.
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Numerical Results

Some solutions of ¢quation (2) have been nbtained by numerical
integration, using a desk-type calculator. The calculations are based
on a fin cant angle of 0,21 degrees, which produces a £, /Q; variation
with time, as illustrated in Figure 12. The time-varying cocfficients of
¢/ in equation (2) are plotted in Figure 13, The time-varying aerody-
namic  ocfficicents ‘/iwa and LN:‘ , and the damping parameter H - —I-:J;_i T}H/—W
arc plotted in Figure 14. The dependence of 'j‘i’( and CSM% on angle ()f/

attack was detcrmined from Figure 5. The non-linearity in Ty was not

considered.

In the first alculation, Casc I, only the acrodynamic induced rolling
moment was included. The asymmetry was assumed o be due entirely to
aerodynamic rnisalignment with /Emoz * ¥n02 = {.15. The asymmetry was
oriented such that the non-rolling trim was at $ = 11 degrees. In Case ]

a lock-in was obtained for about 3 seconds, as depicted in Figure 15. The
value of & atloik-in was about 93 degrees, and the trim angle of attack

reached a maximun: value of about 4. 5 degrees just prior to break-out.

The second (alculation, Case II, included a 0. l-inch lateral dis-
placement of the center of gravity and center of pressure. The trim angle
of attack was assumed to be due to aerodynamic misaligninent with

—

Ty e e = 0.15. The non-rolling trim was oriented at {’ = 0, while

v 7 - >

e

the lateral center of pressure was given an orientation - 90 degrees.

P
The solution for -p/w in Case II is also depicted in Figure 5. This

case is somewhat unusual in that the phase angle, 4 ¢ , has not changed

more than 20 degrees out to AL = 50 seconds, which is approximately 13

scconds after nominal resonance. Although the acrodynamic roll angle, f s
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has not become constant, the rate of increase of ¢ is extremely small.
This type of motion could be classified as an extended resonance; however,

it should be noted that 77/« is significantly lcss than unity.

In Case II the trim angle of attack increases very slowly, attaining a
magnitude of only 2. 84 degrces at ¢ = 50 scconds. This is less than the
maximum trim for Case I, where lock-in vccurred for only a short period.
'he reason for the slow build-up of trim in Case Il is that . is well
below unity, which effect reduces the amplification factor. In Case II, where
both induced rolling moments are present, only slight reduction in the total
rolling moment occurs as the angle of attack approaches - ¥. Therefore,

break-out cannot occur as readily as in the casc where only the aerodynamic

induced rolling moment is presecent,

Case 11 serves to show that the assumption of , » = 1 (as used in
Rceferences 7 and 8) is not always valid for determination of the break-out
conditions. For example, in cases where 2/ ' is approximatcly constant,
but not equal to unity, the trim angle of attack solution will be sufficiently in

error as to negate any boundaries based on g/ = L.
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V. APPLICATION OF CIRCULAR MOTION THEORY

Che near-resonant angle-of-attack motion of a sounding rocket
vehicle is nearly circular, because it is comprised of the slowly varying
trim vector, which rotates at the spin rate., Circular-type motions can
receive special trcatment through the use of perturbation theory. The
advantage of a special circular motion analysis is that the aerodynamic
and incrtial moments can be considered in their morce exact non-lincar
form, and the cffect of the non-linear side moment «an be determined

more precisely.

[he gide moment acts in much the same manncer as a Magnus
moment, and thus can act as a driving mechanism for a sustainced large
angle-of-atta: k motion. When the angle of attack becomes large, the
pitching and yawing moments resulting from the asymmetries become
insignificant, and the linear solutions for the Lrim angle of attack are no

longer valid

Lincar Trim Solution With Side Moment Coefficient

The linear solution for the trim angle of attack at resonance 1is

given in Appendix C as

- 7
s / ‘l
S s
K A 3
L ‘)Rl” LM“ : }— _Ei‘- ] (3)
T T, M
Sy Mo
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where

The cocfficients ~y and “,m_ are secant slopes, and can be evaluated at

various angles of attack. From cquation (3) and the aerodynamic data in
Figures 5 and 13, an evaluation has been made of the -, required for

various trim angles »f attack. The analysis includes the non-linear variation

of o . . as well as the cffect of aerodynamic roll angle. The results are
plotted in Figure 15 fortwo aerodynamic roll angles where  ~r is positive.
For the maximum values of ~..._ ( J = 67.5 degrees) the »  required

for trim drops to zero at an angle of attack slightly greater than 6 degrees.
However, -» , reaches a maximum at an angle of attack of ouly 4.0 degrees,
so that all trim solutions at larger angles of attack arc unstable. When the
gide-moment cocfficient 1s reduced by a factor of two { J = 52.5 degrees),

the angle of attack for maximum C,,  increases to only about 5. 0 degrees.
o

I'hus, for lock-in roll orientations where the side moment is positive,
the linear solutions for the trim angle of attack are valid only at very small

angles of attack.

Lunar Circular Motion Solutions With Side-Moment Coefficient

The non-linear circular motion solutions at nominal resonance
conditions { ¢ = 37 seconds, Mach number 3. 5) are presented in Figure 45.
The derivation of the equations and the method of obtaining the solutions is

completely discussed in Appendix F.

Inspection of Figures 16 and 45 shows that the angles of attack at
which the linear trim solutions become invalid correspond very closely with

the angles of attack at which the unstable circular motion solutions are obtained.
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For example, with @ = 67.5 degrees, the lincar trim solution becomes
unstable at about 4 degrees, while the corresponding unstable circular motion
solution vccurs at 5 degrees angle of attack. The stable circular motion
solution for { = 67.5 degrees occurs at an angle of attack of about 22. 5
degrees. Therefore, between 4 degrees and 22. 5 degrees angle of attack

the motion is in a transient state.

For f 's where the side moment is less than maximum, the angles
of attack corrcsponding to the unstable trim and unstable circular motion

solutions increase, while the stable circular motion solutions decrease.

Rolling Moment Requirements for Steady-State Circular Motion

For cach lunar vircular motion solution, there corresponds specific
M “ . .
values of < , / ,and - . For J to remain constant the roll equation
must also be satisfiecd. The requirements for constant ¢ are approximately

cquivalent to requiring a zero value for total induced rolling moment, i. e.
cooo b e e, 0P =0 (4)

For the purposes of an cxample, it is convenient to select an orientation of the
plane of lateral asymmetry such that & + - 7r/2 . This assumption simplifies

the rolling moment due to lateral asymmetry at resonance, and we obtain

SRR F9V (A o o J: Rl (o)
‘ayg A Lo 7 w )

¢

and as before

- - ;o —
—

P F e » (C'C)—.‘M/'ﬂ/ 4?
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ih amount of lateral asymmectry required to maintain roll equilibrium is,

thorefore
(5)

Valucs of !y { are plotted in Figure 7 as a function of << and § for
both transient and stcady-state circular motions. The amount of lateral asymm-
ctry required to maintain steady-state circular motion is scen to be only slightly
greater than ' ¢ 7/ = 0,01 or about 0. 15 inches. Thus, the probability of a
sustaincd large angle-of-attack motion is quite large if the rocket locks in at

an avrodynami: roll angle where the side moment is positive,

Additivonal Remarks

It should be noted that a steady-state large angle of attack circular
motion does not require that the aerodynamic roll angle be constant, but
merely slowly varying. Also, at a given timec in the trajectory lunar circular
motion an c¢xist for a wide range of roll rates. This can be seen from the

relationship

which defines lunar motion. It will be noted that a change in the roll rate,
7+ docs not necessarily infer that the aerodynamic roll angle is changing,

because there may be a corresponding change in Jioes . A change in the

angle of attack plane rotation, L// , is easily brought about by a change in the

side moment, as can be seen from equation (F-21).

Extreme caution should be exercised, therefore, in any attempt to

solve the roll lock-in problem by use of positive rolling moments at resonance,
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because if the trim angle of attack is sufficiently large to introduce a side

moment, a large angle-of-attack lunar-type motion may still occur.

Further, it can be shown that the circular motion solutions for near-

lunar motions are almost the same as for lunar motion.

The above facts emphasize the need for considering the non-linear
effects associated with near-resonant motion. However, the complications

are too great to permit a general type of analysis to be made.
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V. CONCLUSIONS AND RECOMMENDATIONS

Conclusions

(1) Roll lock-in phenomena are shown to originate primarily
from two induced rolling moments: a) an aerodynamic induced rolling moment
dependent upon angle of attack and the orientation of the angle-of-attack plane
with respect to the fin planes, and b) an angle-of-attack dependent rolling
moment resulting from lateral displacement of the center vf gravity and aero-
dynamic center of pressure. These rolling moments, together with the trim
angle of attack produced by aerodynamic, vehicle, and thrust asymmetries,

initiate the anomalous motion which occurs near resonance.

(2) Several roll lock-in type motions can occur near resonance.
These can be divided between motions which are truly locked-in, in which
case the aerodynamic roll angle approaches a constant value, or motions in
which the ratio . . is slowly varying or ncarly constant for an extended
period of time. The duration of the lock-in or extended rcsonance depends
upon the orientation and magnitude of the asymmetries as well as all of the

aerodynamic and flight parameters.

(3) The amplification of the non-rolling trim angle of attack
increases with an extended resonance or lock-in, due to the decrease in
aerodynamic damping with increasing altitude. The amplification factor
is further influenced by the magnitude and sensc of the aerodynamic side

moment as well as by the proximity to unity of the spin-to-natural-frequency

ratio, f>/r'.u
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{4) Positive values of the aerodynamic side moment can greatly
decrease the cffective aerodynamic damping of near-resonant motions, and
produce very large angle-of-attack coning motions. The existence of a roll
orientation where the side moment is positive requires that the aerodynamic
roll angle at resonance or lock-in fall in the angular sector 45 < $ < 90,
or scctors which are spaced 90 degrees fromthissector. This requires that
the rcsonant angle of attack exceed ¥ orat small angles of attack, that
lateral asymmetry be present to produce an induced rolling moment which can

oppose the aervdynamic induced rolling moment.

{(5) When all of the factors affecting roll lock-in and/or extended
resonance are considered simultaneously, it becomes impractical to determine
uppcr bounds on the magnitude of the vehicle asymmetries, since the resonant
motion behavior is just as critical with respect to the angular orientation of the

individual asymmetries.

(6) In most instances, the near-resonant motion of a sounding
rocket vehicle can be closely approximated by considering the linear solution
for the trim angle of attack in conjunction with the exact non-linear equation
of motion for roll. Using ,- > asa dependent variable, these two modes can
be (ombined into a single first-order non-linear differential equation with time-
varying coefficients which can be easily solved without the use of a digital com-
puter. This technique should be extremely useful for investigating specific

vehicle configurations, flight trajectories, and asymmetries.

(7) When the resonant angle of attack becomes large in conjunction
with the side moment being positive, the non-linear nature of the pitch-roll
dynamics precludes the use of the linear thecory for predicting the angle of
attack motion. This type of problem can be investigated by the use of the

special circular motion theory developed in this report,
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Recommendations

(1) Dynamic wind tunnel tests should be conducted to determine
the effect of angle-of-attack plane rotation on the aerodynamic forces and
moments. Since highly non-linear variations of the rolling moment, side
force, and side moment are measured statically, it is very likely that
similar effects occur dynamically, that is, with angle-of-attack plane rotation.
Such tests could be accomplished by the use of a bent rotating sting, which

could provide the necessary simulation of the coning motion.

{2) Additional six-degrees-of-freedom motion calculations should
be accomplished to determine the exact motion of a sounding rocket vehicle
under the influence of combined aerodynamic induced rolling moment and
rolling moment due to lateral asymmetry. These calculations should also
include non-linear aerodynamic side-moment coefficients, and should explore
the effects of different aerodynamic damping coefficients for planar and circular

motion.
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APPENDIX A.

V. hicle Physical Characteristics and Nominal Trajectory Data

I'he Acrobee 150A configuration investigated in the present study is
depi td in Figurc 2, and consists of an ogive-nose payload, extension, and
sustaine r sections. This configuration is designated B-2 in Reference 10.
Data tr the vehicle with its solid propellant rocket booster attached are not
presonted here,

Weight, onter of gravity, and moment of inertia data as a function of
time are prescnted in Figures 18 and 19.

Che sustainer motor has a burning time of 51. 5 seconds, and the

sustaincr thrust is given by

F .
sustainer thrust = 4728 - 628  ~vERE
SEA [BVEL

Nominal trajectory data based on an 87-degree launch angle at sea
level are depicted in Figures 20 and 21. Burn-out occurs at approximately
6.2 Mach number at 125, 000 feet.

The nominal spin history is presented in Figure 22. This is based on
a fin cant angle of 0.21] degrees. The variations of Cjé, and Cj?" with Mach
number for zero angle of attack are presented in Figure 23, and were obtained

from Reference 13.
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Based on the above, nominal spin resonance occurs near A =37.0

scconds, Mach number 3.5, and 62, 000 feet, with the roll and pitch rates

equal to 5. 95 radians per sccond.
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APPENDIX B.
Ac¢rodynamic Data for Aerobee 150A

I'he vehicle drag curve, from Reference 13, is repeated herc as
Figure 23,

[he static and dynamic characteristics of the Acrobee 150A in pitch
and roll were obtained from tests at the U. S. Naval Ordnance Laboratory,
White Oak, Maryland, Reference 10. Static test data consisting of normal
force, pitching moment, side force, and yawing moment, and induced rolling
moment were obtained at three roll orientations ( @ = 0, 25, 45 degrees),
and at Mach numbers 2. 53, 3. 50, 4. 85, and 6. 80. Only data for configuration
B-2 are presented here.

Pecause the data were obtained at combined angles of attack and
sideslip and reduced with respect to body axes, it was necessary to transform
all of the lateral force and moment data to obtain the force and moment coeff-
icients in the angle of attack plane (designated herc as Cn and “m ) and the
forces and moments in the symmetry plane normal to the angle of attack plane
(designated herc as C; and “ % ). The latter quantities are referred to as the
side force and side moment, respectively, and are treated as Magnus-like

coefficients in the acrodynamic analyses.

-33-



Alpha Research, Inc.
Report 65-9566-7
November 1965

The resulting plots of N, , “m o, " # » and “ » versus angle of
attack for each of the test Mach numbers are presented in Figures 25 through
34. The side force and yawing moment are shown only for {5 = 22. 5, while
:/v and “m are shown for @ 's of 0, 22.5, and 45 degrees. The centers of
pressure for the normal force and side force are illustrated in Figures 35
and 36. The stability margin and normal force derivative versus Mach number
arc depicted in Figures 37 and 38,

Pitch damping data, ("'M?’L CM‘);‘ , are presented as a function of Mach

number in Figure 39. These data are based on the flight center of gravity

corresponding to cach Mach number.
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APPENDIX C.

Linear Solution for the Trim Angle of Attack

The equation of motion for a slightly unsymmetrical rocket at small

. . . 4
angle of attack can be expressed in non-rolling coordinates as

-
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In the¢ above equation, jet damping and the effects of axial acceleration are not
considered. The body axes and direction and sense of the forces and moments
are shown in Figure 40,

he particular solution of (C-1) is

~ e e r k@ < +k,e € (C-2)
. A . Ay, -4
In the work which follows, it is the undamped trim vector K, & e
which is of interest. It should be noted that § = K, e "% edescribes the trim
. <€ .
vector with respect to the body axes, whercas € orientates the body axes
with respect to the non-rolling coordinate system. The particular solution gives

* (I‘J »CA ((J_3)

h (S8 = - - - - T TTT T T T s s e

. ‘) o . ,
X FU& T+ M = < @J#—Prij)

Ratio of Rolling Trim to Non-Rolling Trim. Substituting 2 =¢ into

(C-3), we obtain

o5 572 o c ) (,051, )
(—.Zm— Z 7o i 3 5 R »WO#C?O (C-4)
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which for "4, =«

C 1,70 reduces to

Noting tha: the absolute value of the quotient of two complex numbers .y, ».¢ g,

and + - - 2. vuvan be expressed as

rf_ir o

‘ : s ,_,z_.__
L 4 E / * r Ly/
/

R . -
' < 2
.
| Y.t Aa

we oubtain the ratio of the rolling trim to non-rolling trim as

KJ o ; _ (f - B
ij-ﬂ ) F i wj» / /]' < -Ig 2 r 1)
=0 , —
) <o 1 {l(C{/z—P(cf)+/"f] * [f’H—FT M CnofC; .’+|:Cm "Cgo} {
‘1 J J j L J i
(C-5)
where
< -+
» R &I
e i -4
T T ét
For the special case of Cy =Cy =0 , equation (C-5) reduces to
< f Mo
“)K’}I'” f ‘ er’ml‘ f// (‘fﬂ"z o). I (m" T qiz .
Fae (@ p e e PT
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Orientation of Trim Vector.

<
is determined by noting that k€
L < kAL
K, € = e
FatAgs

such that we .an express @3, as

PR &Ln . .

P30

The orientation of the trim vector

is of the form

r g -y g, ]
2 '%71;

SRR RPN

The orientation of the non-rolling trim is thercfore

Zan

ro-
‘ 'C‘f"of C_,_J__qf?

Y Lchorc}n‘i

sk

(C-7)

The orientation of the rolling trim with respect to the non-rolling trim

can be expressed as

ke - '
< 30 s -I,{()/f;:o

- &4,‘/(‘?)0) - [&ﬂ-/(ﬁf

4
il ,J ,o =0

The difference of the arc tangents can be climinated by use of the identity

7 Aan @y = Larn ($30) 5oy

W!—@j” T Igle\/, 1I T 2

§ ) ,. [:&Ngfw} [ Lan f;x/}.»:&]

and we obtain finally that

[

y e /&m/‘/
3| { = ‘f_{g - ¢30)fc*r B

n /(.
Note that kje €0

T ,
Earars

d-pr, |

I3 v

~ ™M

is with respect to body-fixed axes.
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The oricntation of the trim vector with respect to the body axes is obtained by

noting that

Far (C-9)

The correspondence of trim orientation angle, @,, , and the aerodynamic
roll angle, $ . is illustrated in the above sketch for the case where the

body axes 4 and j are aligned with the fins.
A <
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Equations for the Trim Amplification and Trim Orientation in Terms

of the IFarameter - ?/uu . Noting that /- €/ and defining the pitch natural
g Y ard 8 p

frequency, ' , according to the relation

o ..."/‘A,N/] ((‘—l”;’

we can by substitution and re-arranging obtain (C-6) and (C-8) in the following

useful forms,

K, /
b T, . 'W,;" 'IX ) i ‘l.,- (ﬁ:~ll)
e L L AT
| ‘ , N
VoL \ L/ ) L LM 1 j
. B} 1
N s R M |
L A/w) < T *'}f‘ | (C-12)
v ™ “
J‘{ (#(l.v\ " “\_.:’ I . R oo !
“fw) | 'f‘) x |
\ -/ 3

Resonance.,  For zero damping, the resonance criterion from cquation

(C-3) is simply
oS g e =0 (C-13)

or from ((.-2) we can show that

/

pofe s @ or pdfv-q)

7

Statically stable rockets can c¢xperience resonance only when f[/[/:@l/ , the

nutation rate, since the precession rate is opposite to the direction of the axial
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spin. Equation { ' -13) can be re-written to ubtain

o L (C-14)
v I

+

whi.h s the usual resonance criterion for acrodynamically stable rockets. It
foll ws that ', Ir - . which is not difficult to satisfy for sounding rockets.

!
It will als b noted that for {,; 1 << /the resonance condition is very nearly

equivale ut to r

Trvirm Angle of Auack at Kesonance. Combining the resonance criterion

given by cquatiun (¢ -14) with equations (C-6) and (C-8), we obtain

‘(J < - ~
~ i . R 1" Ixj . ~
F g ames LT F M, (C-15)
- e o
! r I ™
‘V(—~f— V-
L ‘an. / (» oo ) = - ('fr’/a/ (C-16)

Another quantity which is of interest at resonance is the derivative of 4¢ with
respect to #, « . Thus, from (C-12) we obtain

/ \

\

; I
R T3 N G A/ARCRS SN IS
‘i AQ = - ’ I,, _1’/’_/‘; - - t I/ M — (C-17)
d(p/w) 12
(7 M,
i
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y - /
For. 2 . =/ and I, ;I <</ , equation (C-17) reduces to
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APPENDIX D.
Rolling Moments Due to Lateral Asymmetry

Rolling moments are produced by lateral aerodynamic and thrust
asymmetry as well as by inclination of the principal axes with respect to
the body refercnce axes. Since the body axes may be specified to be the
principal axes, only the aerodynamic and thrust asymmetrics need be con-
sidered here.

The thrust asymmetry will have a roll period of 2 7, while the
aerodynamic latcral asymmetry can have several roll periods, the most
likely of which are¢ 7 and < 7. A roll period of r , for example, could
correspond to the two fins in one plane being larger by the same amount.
However, for the purposes of this study, sufficient generality is achieved
by assuming that the aerodynamic lateral asymmetry has a period of 2 7.
Further, a single lateral center of pressure will be assumed, applicable both
to the normal force and side force, and in addition we let ’4?; C;o =0

The lateral displacement of the center of gravity and center of pressure
is designated "1(?—‘ , while the thrust line offset is designated @ . The orien-
tations of the center of pressure and thrust line are defined by angles CQCP
and 71 , respectively. The orientation of the lateral asymmetries with respect

to the body reference axes, which are in the fin planes, is depicted in Figure 41.
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From Figure 41 it can be secn that the rolling moment due to lateral

acrodynari

and tha-

[ ¥
1«
In cquation (I¥ 1)
® o,
3
L3 -
. ,
A ‘
.
L
. .
B , €
or
4 n +
I

Thus, the 1olling moment due to thrust is a slowly varying function of time,

asymmetry can be expressed as

(‘]f\)l’(cf\/dkj)mgf—c QTK)Coa/é-}

|

(D-1)

(D-2)

(D-3)

while the rolling moment due to aerodynamic lateral asymmetry varies with

CN -~ N /*7_

, and @
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APPENDIX E.

Derivation of an Equation for 7‘7/642

An cquation for p/o , where W is the undamped natural pitch frequency,

can be sbtained from the basic roll equation

. e . e - -~ :
se T ogs R I A T F L (t=-1)
$ o< , 25

<

In the work which follows, it is assumed that the nominal rocket trajectory is
unaffeoted by  hanges in the roll rate, even though the roll rate may depart
gignifi. antly from the nominal roll performance.
since for rockets like the Acerobee 150A, roll equilibrium is reached
someatime prior to resonance, it is convenient to define a theoretical spin rate
F'v » whith is a function of time. By definition, the variation in gz, will be
restricted to changes in the roll coefficients Cjé and Cp  with Mach number,
r

and to roll rate lag e¢ffect. Therefore, we can account for the time-wise varia-

tions in the theoretical spin rate by introducing —f;r , as follows:

I, . o d
x5 . €, LTt
%,m@ Fr /gé * 279 v
which can be re-arranged to
I 50 s
Co (_ﬁ..) B, 52 T AT
P2V Fr (E-2)
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Substituting (E-2) into (E-1), we obtain

fa L (2. _c, 8/, 2 ) Co C C (E-3)
R APRY: (\r)r,/’r L0 GT)T T K T A
To obtain an cquation in terms of p/w we note that
“ o o : . »
;\ ) DR ‘.‘zﬁ = 'f/’,/cu - (/’/w) Ny (E-4)
and re-arranging, we obtain
7“ - ‘ F L oo 1 /‘)' ‘_)) //4:) (E'S)
By use of (£-5) we can re-write (E-3) as
. M :
L LW e w (’/)/;u/‘ P - T Cig o - ‘(72// )
£ | (7r /) (#r/w)
(E-6)

[ —

v PN R4 + 7 =y ) oz ' C’f
¢ (7). = sy L Pre) s o

This is a first-order differential equation in 4’/7(’/'(») with time-varying coefficients.

- / ; N >}
It is also non-linear because of the terms -/ r\,v/W, ;’o)and Cka - /!/-vu L %) It
. . o S /I
should be noted that the time-varying coefficients {q ‘{ I ( {’{'}Zﬁ" i,
\ . C - \r . Fosy
[T Pr o, g0 - -
(o7l s w2, sro-f ==, and "¢ can all be determined from
VEA e i (Fr/w)

nominal trajectory data and linear aerodynamic derivatives.
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To see more clearly the implications of the non-linear terms C,g/; (p/w, oco)

and < 7/, '&o) , we expand them in the following form:

Co. (e L )= F (K)) ain 4§

where

| SO —

P - ir'vf,'z D) ‘J‘ - s
| : o

] T

The quantities (« | , and CZ"CP depend primarily upon the

7= D 4 {\'(T,io) P72

initial magnitude and orientation of the asymmetries; hence the inclusion of

]
/

—» . . . . C / i - { / .
o< , {the non-rolling trim angle of attack) in ~z _( p/lo. 405 and “fjdg (7. e e
The quantities . “.+_... and 4¢ are non-linear functions of ,\’/-",/u') and

K )
/\‘K)/P:J

the vehicle parameters, and are given by cquations (C-11) and (C-12). Thus,
we see that (¢ and (-fA - can be expressed entirely in terms of 7 f,u). the
L - (; i
[4

magnitude and orientation of the asymmetries, and the time-varying vehicle

and aerodynamic parameters.
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APPENDIX F.

Circular Mution Theory

In this appendix, the exact non-linear cquations of motion are developed
for a symmetrical rocket. These cquations consider the three rotational degrees
of frecedom. Finally, closed-form solutions are obtained for the case of ncar-
circular motion,

When a triad described by axes « , R has an angular velocity,

-

, with respect to an inertial system, and further, when mass and moment

of inertia are constant, Newton's Second Law of Motion van be expressed as

> 1 » -1

~Mo= [[‘ e X Iw (F-1)
where

Mo )

For mass rotational symmetry, and - a principal axis

r ]
i

‘1l = o 1 o0
0o o T .
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(F-1) can bc re-written as

r g AT T r !

i [l ) O jp‘ fﬂ/){j} [ﬂ}'| IX 03»
N AR o (F-2)

o o - | 7 |

< coe) ] e lle e 1

The angular velocity of the triad is described by its component angular velocities

with respect to the 7 , ) axes, which are
P a

\'pv # / Doy 9

x
";f S e an @ O ioa @ (F-3)
;L} sy ew t oa @ - O aen @

The above

Thesc arc derived from the Euler angle definitions of Figure 42.

equations are general, and are not restricted to any /)

The selection of /) to give a fixed-plane coordinate system has particular

advantages, and simplifies the study of large angle of attack motions at high rates

of spin.

Therefore, it is convenient to select {1 such that b is initially in the

X Y plane, and stays there, i.e., ¢ = @ = O . This leads to the set of fixed-

plane axes  , ?( ) ;" in Figure 42. With ¢ = @ =0 ., equations (F-3)
[4

become )

2 =
(F-4)
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and further, we have
p=g pono
% = 6 (F-5)
= Wlor 8
where the quantity f represents the roll of the missile with respect to the
A j , } coordinates. Substituting equations (F-4) into equation (F-2),

we obtain

L= I, P {(F-6)
M:I6 r v Lo I tan & (F-17)
N=Ir-pel, I 28 lan & (F-8)

Equation (F-6) is just the roll equation, which van be treated separatcly,

To use equations (F-7) and (F-8) for the pitch-yaw dynamics, we must
next cxpand the aerodynamic moments ™ and NV . Since equations (F-7) and
(F-8)are in terms of € and ° , we would prefcr to use thesc quantities and
their derivatives as our aerodynamic variables. To establish the acrodynamic
moments in terms of € and A2 it is necessary to select a direction for the
aerodynamic velocity vector.

Selecting the acrodynamic velocity vector along the Z axis, as in
Figure 43, provides a simple corrcspondence between the total angle of attack,

< , and the Euler angle & , i.e. x = 7r/z + &. Likewise, it ¢an be seen that
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the rotation of the angle of attack plane is simply ¢ or ,/L///(,oq/ 6 . Further,
the moment ' is just the overturning moment, and the moment N the side

moment or cffective Magnus moment,

Aecrodynamic Cocefficicnts. The aerodynamic coefficients can be

expected to depend upon at least 6 , 9 s ;,9 R /g;)é . We
will also assume that all of the coefficients have some variation with &
Since it is desired to have aerodynamic expressions which can be
gencralized to any particular range of angle of attack, and since equations
(F-7) and (F-8) contain ¢ in trigonometric form anyway, we arbitrarily
describe the angle of attack dependence of the static aerodynamic overturning

and Magnus moments by functions of the form

S [ ] =
SRR R S leon = F ¢
1} L N T ",‘L/J ( ))

and note that
-—»
-

Dot SRyl

Furtler, we have the useful relationship that

(_, } = .‘__((/(JL)_
VAl L s .
=4

(F-10)

The static aerodynamic coefficients to be considered are therefore equivalent

C

to the aceroballistic derivatives k~/v;m s o~

C
N oprox and ~s M
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he dynamic derivatives of interest are C”“Q' SR P o ,

M

e PRTI , , and - Py where cach may be some function of <~ .
Becausce of sur primary interest in near-circular motions (»5 -» O ), the
comtributions of 7 L and 7ps should be negligible, and hence we will not
counsider thesce derivatives further. The contributions from "*'mf cand 7.
should likewise be small, because the spin dependent moments are small.

The derivatives - -~and ., i#/contain a contribution which is directly
related to a circular-type motion,  This contribution arises from the effect

of a vircular motion un the aerodynamic roll angle, @- . In circular motion
at finitc angle of attack, the aerodynamic roll angle at the fins, fw , differs

&

from the stati. aerodynamic roll angle by an amount
e e I (F-11)

However, for the Aerobee 150A this _jé is on the order of one degree at
resonance conditions; hence, the contribution of 4¢ to Cm. and C»n, will
be neglected for the present study.

Of greatest significance is the angle of attack dependence of CnA, due to
pure circular motion. To see this dependence clearly, it is worthwhile to
examine the fin loads resulting from both a planar motion and a lunar circular

motion.
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Fin Damping for Planar Motion and Lunar Circular Motion.  Consider

the damping moment produced by the fins of a rocket as a result of body rotations
about the center of gravity (Figure 44). For the present example, we assume
that the fin aerodynamic section force over the entire span depends only upon the
local angle of attack.

For a planar motion we obtain immediatcely the familiar result

)

v oI L T Sty (F-12)
f'fvm» ) :

Next consider the same vehicle in a lunar «ircular motion with fins
(1) and (3) always in the angle of attack plane, and fins (2) and (4) always
normal to the angle of attack plane. The angle of attack plane rotation, Q// )
results in a varying local angle of attack along the span of the fins. Howecver,
because of symmetry, the (2) and (4) fins cannot contribute a yaw damping

moment. The yawing moment produced by the (1) and (3) fins is

A2
oty './15,@ - ] \/L,f
/ - - e = Coas - e “._.._.E_
"ﬂ{w, T s 5 - ”o‘)ﬁw 5027 73 Ay (F-13)
/2

where
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>
and for small o

B} -1
S o L2 /voé)’ . 2 (F-14)

Compar.son of (F-12) with (F-14) shows that for small X

. . : "'7]‘ (F-IS)

/

‘ /o - -
However, s &) s '?.,I,WCZ% /o< at small angles of attack;

therefore

Thus, ' . and -m», are equivalent at small angles of attack, and will have

%
the same angle of attack dependence. This equivalence can be expected to
break down at larger angles of attack. The theoretical analyses of Reference 14

show that ., and mg can differ by a factor of two at nincty degrees angle

of attack.
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Complete Circular Motion Equations. Based on the foregoing, the two

moment cquations can be expressed approximately as

2 . ol !
. dvis o {»C < 8d 1
. .o, - - - b i -
Ie TP LT ey Lar & = - B e L m,"_f/z Cov 2 F "’7} {‘—2_17‘/—‘} (F 16)
. ¢ B *':’\"/"59(— C ” el
IQ -~ / ADA‘ ! S lan 1 —2"———-- iz Cov O + Prr) k"z"t'/‘/l(ﬁ_l‘e (F'l?)
.
C, (L)
RO { 2v /)
If we now let the aerodynamic coefficients be constant for a particular range of

angle of attack, we can lincarize equations (F-16) and (F-17) for near-circular

motions by letting

and introducing the first-order approximations

lar & = lan &, + 46 _22(/260
(or B T <oa B - 16 s 6,
. . . £
It is also convenient to introduce the operator D= < d‘}“( J , where
» .’.{ . . P A ' A 3
L7 = VAR and the non-dimensional angular velocities .p = »2 ", * = AT,

etc. Further, we let

R S
- /.,7 5 C[ 3
T . ___E,’S_, .
X - ;{3

/g) 5S¢

-55-



Alpha Research, Iunc.
Report 65-9566-7
November 1965

The equations of motion now have the form

. C C
2 2 . M : m
K DT+ 1 Y2 ES N )I = A 90 - *—4_-1 a8
T o 1 A
o ol lan. on‘j 4 (F-IS)
L
. . . N2 - ",
# . - iy ALan. 90 =+ ———:‘_“w_ T2 90
A / AR . 1
P o o ' e o
i P‘LX \I L Tasw A, ] 5 M'@Of“ 4 2 Qs QJAQ
( R
RO A
oL L e F-19
“ rag (F-19)
l; ’;‘ 1 r? 2 C-nr’ L /\
-y A Tt ipn D, + LR G 6 B
< - < *

The steady-state solutions of (F-18) and (F-19), 48 246 =40 =dr =40 = O ,

are of primary interest.

From (F-19) we obtain that

A
-2 Cunm"zr Lo ?a - C”f’ e 7 0¥ Do

A — — —_— . s e s -
/bo - Cn (F'ZO)
Y
A
or that the angle of attack plane rotation, ¢ , is

, . - A
A D Ve T Pafe P
v - I (F-21)

A
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Likewise, from (F-18) we have that

__WW/L ) )/\/_ﬂ)
ST FYE

Cm

. -
ey 2 - o1 o ¥
A 2

/7L/
For the special case of lunar circular motion
\ .
PP 5 . —»
¢ = / /'vq/ ol

and (F-21) becomes

P T . , lunar motion
Con -
{

f’ = —1 o e ;, lunar motion

By equating (F-23) and (F-24) we find the requirements for lunar circular

motion, which is best expressed in terms of the side moment:

}
.}
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An immediate consequence of (F-25) is that C”rr/z_ will in most cases have to be
positive, because C"7,L< C and \C”q,l > lcnp,,/l i . Also, since I - I/ﬂjdj R
the "7/, required for lunar circular motion is proportional to the square root
of the air density. Thus, the side moment required for circular motion decreases
with increasing altitude, and the possibility of a steady-state circular motion
occurring becomes more likely as the vehicle ascends.

The lunar motion case is of great interest because under lunar motion
conditions we can expect large values for C”,r/z for certain aerodynamic roll
angles. To cstablish the exact circular motion characteristics with Cr/”/l and
S r,/. dependent both upon ~ and f , it is most convenient to plot equations
(F-23) and (F-24) as functions of o~ and determine the solutions graphically
for the various f 's. An analysis of this type is summarized in Figure 45,

which is for a Mach number and altitude representative of the norminal Acrobee

150A resonance conditions,
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FIG 41 NOMENCLATURE FOR ROLLING MOMENTS
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FIG 42 INERTIAL AND FIXED-PLANE AXES
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FIG 43 COORDINATE AXES WITH RESPECT TO THE VELOCITY
-100-

VECTOR



Alpha Research, Inc.

Report 65-9566-7
November 1965

NOILOW ¥VINDHID NI

INV g YOVsiLb FO

FTONY N/

Y244

T

13IX00Y Q3NNI4 H¥04 JUNLVIONIWON bbb Old

Q 7 } rd
¥ \\.\\W\ V, A
-~ e \ i
> > A\
Kp N~ /\\ M\v\, ) .\y,, \W .
S U A

) N <7\
-~ P
! 7 >
- i L
_ g ||a.._u\mW - _ f/\\l P
; —
. .y
B \ -
- -
\

-101-



i,

LDy

. ;
PRIV AS

1« ” e ,H “ : :
_ RS TR . - S o Lo fieenfes ESSSS HLES SN SULEUEERS SO . L ,,,,,
| .W A | W | % _ ]
: _ . ‘w w “M @ 2 M
b SRES NSNS SNSRI SIS I : o : A | RS I S o
1 e M < — -
: : N : : m
” N IR A M. vy
_H S O SR,
- W T T O (R I
- : b ﬂ IS BN IR IS
: LN X : u : A
H | I : i ! RN
' | ' W L : . : W M
i e o W T AT N S T TN T
: [+ N .\4 : : o P i BN
n | e/ 4 NI , SAVEE
I Tl : Sy M N ,ﬂ oy
H ' | d i ; : 2 ' . : B
N ,@ U S S L M< [T I SUDUDGNE ¢ S ..(.J;-fr:
i : ax : . : Pf N : . b I
: T CooNp LN ! £ ; :
: A f & : e SEERE: Y . -t
o | ” ViR REEEEE
‘,T H N - - I . .......... ‘ T B : M ....... 'E, T }A/U.Av T
A ; _ _ : . : NN oy Y N X
_ A : : , _ s : o o~ NE o
,,,,,, PR S U EO S JUURT RN DT PR NUNEFU AN SO WO BN \% 5 SRR IO U (RTINS S Mm
; . i ” m : : TAN Sy g R E SR RN
e S : _ N iR
_“ | S T _ 2l NG ol b N
D I M . 3 N g
t - o E TI n i ' /L V.f
o Y Ry SR N
- ! i 2 . ” _ Sy K SURUDI bt . - - IO .
| | M_ w iy : , Lo
T e T ,”r T 4M T — (. . R ’ 1} All
R | | - 4 o TRE R F i S
; m ; ' : . ~ /[ L ” H !
;“ M ” A ; M P _ ; o ;(Q .
T T A S A A N S S I e '
H i : ! ! b H i i ‘ t H : : R
- ~11 e S EERS S Py t .u R M Pl ; : :_45
! i i , | . g A, H : : . :
i | : - B : : L . . - _ B R R B .
« m ! % _ . ! ‘ : ﬁ : “ J
! i | i : ! ] o : .
B R Y R S ! M * ! S AR
! | | | : , b “ ﬂ :
,“ * L $ Ve | ¥ S R N N Qoth
| | | [ , | < Lo ! R |
N N R m T |
BN RN R ER RN
— \.m‘i{ _ Y H 1llvh - ‘Yp - — —_—— Lwr At S— H . !

Siv¥) shndavii)

B M v (N ey T

-1t}



